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Abstract
Contaldi et al. [1] have suggested that an initial period of kinetic energy domination
in single field inflation may explain the lack of CMB power at large angular scales. We
note that in this situation it is natural that there also be a spatial gradient in the initial
value of the inflaton field, and that this can provide a spatial asymmetry in the observed
CMB power spectrum, manifest at low values of ℓ. We investigate the nature of this







The simplest models of inflation involve only a single scalar field, the inflaton [2]. With a
suitably chosen potential, such a model can provide a simple explanation of the temperature
fluctuations in the CMB at all angular scales [3]. There are however a number of possible
anomalies in the CMB power spectrum that have attracted the attention of many researchers
[4], [5], [6], [7], [8], [9], [10], [11], [12], [13]. (However see also [14].) None of these anomalies
is by itself statistically compelling; however, taken together they provide a hint that these
features may be significant. Much discussion of anomalies involves the power spectrum at
low ℓ, i.e. at large scales, where several anomalies indicate a possible spatial asymmetry in
the power spectrum, most often roughly a north-south galactic coordinate asymmetry [4],
[5], [6], [9], [11], [12], [13].
The possibility that there may be an asymmetry in the observed CMB power spectrum
was first raised by Eriksen et al [4] and Hansen et al [5] using the first year WMAP data.
Their data analysis suggested a difference in power of roughly 20% for low ℓ maximized in
the direction of galactic coordinates (80◦, 57◦). Interestingly no effect was seen above ℓ ∼ 40.
For example, the analysis of the power spectrum in the vicinity of the first acoustic peak
[5, 15] showed no evidence of a spatial asymmetry. At low values of ℓ, the cosmic variance
provides an intrinsic scatter in the power spectrum data, so that even though the signal is
rather large, the statistical significance of their result was below 3 standard deviations.
In their three year data release [3], the WMAP team addressed the isotropy of the power
spectrum, finding a small asymmetry in a direction consistent with Eriksen et al [4]. The
method introduced by the WMAP team to investigate asymmetries in the CMB spectrum
is to multiply an isotropic Gaussian CMB field by a large scale modulation function. They
test both a dipole and a quadrupole modulation and find that the significance of the signal is
not statistically compelling. Their analysis uses a pixel size of 7◦ which makes their analysis
sensitive up to ℓ ∼ 20. The original Eriksen team has also revisited the WMAP 3 year data
[9] using a statistical framework similar to the WMAP team’s with a modulation function.
They choose a higher resolution with a pixel size of 3.6◦ including multipoles up to ℓ ∼ 40
in their analysis and confirm the asymmetry with a higher statistical significance than the
WMAP team and in consistency with their previous analysis of the first year WMAP data.
Hansen et al [11] and Maino et al [12] explored two different approaches to extract the
CMB spectrum where WMAP data itself is used for foreground removal, and both find an
asymmetry of the power spectrum at largest scales consistent with previous analysis and
with each other. The fact that the asymmetry does not vary when different foreground
subtraction procedures are applied constitutes a strong argument against a galactic origin
for the asymmetry. Moreover, the asymmetry was also found in COBE data [4] which
indicates that systematics may not be the correct explanation for a large scale asymmetry
in the CMB power spectrum. Ra¨th et al [13] have also found the asymmetry in the WMAP
3 year data using statistical techniques different from the ones used in previous analyses.
These analyses provide motivations for the study of inflationary models that can generate
a spatial asymmetry at low ℓ while remaining isotropic at larger values of ℓ. If these
anomalies prove to be valid indicators of an asymmetry in the power spectrum, they can
provide a direct probe of inflationary dynamics. Significant work that attempts to find a
solution to these anomalies has already appeared [16], [17], [18] in the literature.
In this paper we discuss a simple situation that could lead to a spatial asymmetry in
the CMB power spectrum at low values of ℓ within single field inflation. This involves an
initial period of fast-roll expansion driven by the inflaton kinetic energy. The possibility of
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such an initial fast-roll period has been proposed by Contaldi, Peloso, Kofman and Linde
(CPKL) [1] as a mechanism to explain the lack of CMB power at low ℓ. This mechanism
provides a suppression of the spectrum of primordial perturbations and thus of the CMB
at large scales, and it has also been worked on by others [19].
We will argue that in situations where the initial kinetic energy is significant in com-
parison to the potential energy, we should also expect the presence of a spatial gradient in
the initial conditions of the inflaton field. We will show that even a surprisingly small value
of an initial gradient – of order a few percent – will leave an observable spatial asymmetry
in the CMB power spectrum at low ℓ. Essentially, the power suppression in the fast-roll
model occurs at scales that depend sensitively on the initial magnitude of the scalar field
in the frame where the kinetic energy is uniform and isotropic. This leads to a character-
istic pattern for the spatial dependence of the power spectrum. While we will provide a
brief discussion of two-field models below, we here focus on the single field fast-roll option
because of its simplicity and predictive power.
2 Kinetic energy and spatial asymmetries
Inflation provides an explanation for the isotropy and homogeneity of the present universe.
Rather than having to postulate extremely smooth initial conditions for the early universe,
a long period of inflation will take non-smooth initial conditions and still lead to a highly
isotropic and homogeneous observable universe today. However, if the number of e-foldings
of inflation is just barely the minimal number, about 60, the initial conditions could be
relevant and could modify the first few e-foldings.
The CPKL mechanism [1] postulates an initial period of kinetic energy dominance which
then rapidly evolves into the standard slow-roll paradigm where the potential energy dom-
inates and the universe inflates. If the slow-roll phase is many e-foldings longer than the
minimum number of e-folds, the effects of the initial kinetic phase will be unobservable
since the scales associated to its effects will be stretched far beyond our observable horizon.
However, if the slow-roll phase is close to the minimum, then that initial kinetic phase will
modify the first few e-foldings that generate the CMB power spectrum on largest scales,
i.e. for small values of ℓ.
In a universe dominated by a uniform scalar field, the equations of motion are the




(φ) = 0 (1)





























2 − V (φ)
φ˙2
2 + V (φ)
. (3)
1




The CPKL assumption is an initial condition in which the inflaton velocity, φ˙, is non-
zero and the kinetic energy term is dominant over the potential energy, φ˙
2
2 ≫ V (φ). During
this initial phase w ≈ 1 and the expansion of the universe will be decelerating similar to
a matter dominated universe rather than a deSitter expansion. In this phase the kinetic
energy rapidly decreases, until eventually the potential energy dominates and we enter the
usual slow-roll phase. There is a short transitional phase when the potential energy already
dominates and the universe inflates, but the inflaton velocity has not yet settled to its








The initial conditions involve specifying both φ and φ˙ which have to be chosen appro-
priately to obtain only about 60 e-folds of inflation so that the effects of the initial fast-roll
stage are observable. CPKL then show that the quantum fluctuations are suppressed dur-
ing the onset of inflation when the inflaton is fast-rolling – this will be reviewed in the
next section. The picture that emerges then involves suppressed fluctuations at early times
followed by standard slow-roll behavior. Since the earliest times correspond to the largest
scales, the low ℓ multipoles are suppressed while the higher ones are standard.
Our extension of CPKL comes from the observation that the initial conditions in φ and
φ˙ need not be the same at all positions in space. If they are close to uniform, one can expand
the values in a multipole expansion. The first deviation from uniformity would consist of a
gradient in the initial conditions across the initial patch. We will consider only such leading
linear deviations from uniformity in this paper.
CPKL invoke a uniform initial condition in φ˙. Actually this is not a separate assumption.
Because the value of φ˙ is changing with time, one can always choose a time-slicing such
that φ˙ is uniform across the initial time slice. That is, if there is a gradient in the initial
condition for φ˙ using one definition of the initial time slice, one can change to another
definition such that this variable is uniform. However, in this frame there is no a priori
reason for the initial value of the magnitude of φ itself to be uniform. A mechanism that
can produce a temporal variation in φ can in principle also produce a spatial gradient in
the field. We could equally well define a different time frame in which the initial condition
of φ in uniform, but in this frame we would in general not expect that the initial value of
φ˙ is constant in space. It is an extra assumption to assume that the initial conditions for φ
and φ˙ are spatially uniform in the same frame.
We can obtain an invariant description of the evolution of the inflaton by considering
trajectories in the φ− φ˙ plane, displayed in Fig. 1 for a chaotic inflation potential V (φ) =
1
2m
2φ2. There are three phases visible in this plot: Initially, kinetic energy dominates and
due to the rapid decrease in the kinetic energy, the trajectory runs quickly to the slow-roll
attractor line where φ˙ ≃ φ˙SR = const. All initial trajectories are attracted to this line - this
is one of the key features of inflation. Finally at the end of inflation, there is inflaton decay
and reheating. However, different starting points lead to differing amounts of the slow-roll
phase – these are shown as different initial trajectories. The number of e-folds of slow-roll
inflation is
N ≃ 2πφ2SR,i (4)
where φSR,i is the field value when the phase space trajectory hits the slow-roll attractor.
If we start in a frame with a uniform value of φ, which would be represented by a vertical
slice through the initial trajectories, one needs significantly different initial values of φ˙ in
order to end up at different points on the slow-roll attractor. However, if we use a frame
with uniform initial values of φ˙, which would be a horizontal slice through the trajectories,
only a small difference in the initial values of φ are required to produce distinct trajectories
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Figure 1: Phase space diagram of inflationary background solutions for two different values of the
initial scalar field with both initially in the kinetic energy domination regime. The dashed curve
shows the slow-roll attractor.
with differing amounts of slow-roll behavior and thus differing amounts of inflation. We will
see that only gradients of order a few percent are needed for observable effects. Because the
potential energy is subdominant at the initial time, this is only a very small gradient in the
initial energy density. Therefore, an initial slice with constant φ˙ is the better choice since
we want to work with a FRW metric that requires a homogeneous and isotropic energy
density.
If the inflaton field is not uniform, the Klein-Gordon equation, Eq. (1), contains an
additional term proportional to ∇2φ. For a gradient in the field, φ(x) = A + Bx where A
and B are constants, ∇2φ = 0 so that we can neglect this term and still work with Eq. (1).
The gradient however contributes to the energy density and the Hubble scale, see Eq. (2),
albeit as a constant throughout space. Moreover, the gradient’s contribution to the energy
density is always subdominant for the small amounts of gradients we require so that we
can neglect it. Thus, even in the presence of a spatial gradient, the inflaton field evolves
independently at each spatial position. That is, the trajectories displayed in Fig. 1 are not
modified by the presence of a spatial gradient.
In our extension with a gradient in the initial conditions, two points on opposite sides
of the universe which started with different initial values of φ will have undergone different
amounts of inflation so that the large scale suppression features in the power spectrum
associated to an initial fast-roll stage will appear at different scales today. A gradient in
e-folds of inflation is the leading effect in our model stretching both the cutoff scale and
space by a different amount in different parts of the universe. Certainly, it is not strictly
correct to use a FRW background metric and the standard formulas for a uniform and
isotropic cosmology. However, the expansion is uniform and isotropic both during the fast
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roll phase when the kinetic energy is dominant, and later during the slow roll phase. The
inhomogeneity only effects the universe during the very short transition region between fast-
roll and slow-roll of the inflaton. We feel that our treatment captures the leading effects
of an initial gradient without the need to solve exactly the evolution through the short
transition region.
3 CMB fluctuations at low multipoles
An initial regime of kinetic energy dominance of the inflaton before reaching the slow-roll at-
tractor modifies the spectrum of quantum fluctuations as noted by CPKL. For wavelengths
much smaller than the Hubble scale at the onset of the accelerated expansion, H−1∗ , the
spectrum is the same as the slow-roll spectrum because the small wavelength perturbations
are insensitive to the overall background expansion of the Universe at this time. For wave-
lengths comparable to H−1∗ however, the spectrum is altered and it exhibits a suppression
of power for larger wavelengths. Intuitively, this suppression can be understood from the
relation δρ/ρ ∼ H2/φ˙: if the inflaton rolls faster initially, the spectrum will be suppressed
at larger scales.
Following CPKL, we use a chaotic inflation model with potential V (φ) = 12m
2φ2 with
m = 4×10−7. As initial conditions, we choose φi = 3.59 and φ˙i = −35.9m. This particular
choice of initial conditions gives us about 60 e-folds of inflation. The initial kinetic energy
is 100 times larger than the initial potential energy so that we start out well in the kinetic
energy domination regime.
We use the gauge invariant formalism for cosmological perturbations [20, 21] and the






















where primes denote differentiation with respect to conformal time η and H ≡ a
′
/a. We
solve these perturbation equations using numerical mode by mode integration. As the
system is initially in the kinetic energy domination regime, the vacuum is chosen to be the
































































Figure 2: Power spectrum of the gravitational potential Φ at the end of inflation in the CPKL
model with an initial fast-roll stage.
In Fig. 2 we show the power spectrum of the gravitational potential after the end of
inflation. The cutoff of the spectrum around k ∼ a0H0 is the most important feature
of the spectrum, but some oscillations at the transition to a pure slow-roll spectrum are
visible as well. The position of the cutoff in the spectrum, i.e. the scale associated to the
cutoff, actually depends on the complete expansion history of the universe since the onset
of inflation until today, which is not exactly known.
Instead of computing the spectrum numerically CPKL have also shown that an ap-
proximate analytic solution with an instantaneous transition between the regimes of kinetic
energy domination and slow-roll inflation reproduces the exact spectrum extremely well.
This shows that the spectrum does not depend much on the details of the inflaton po-
tential. We have checked this by generating the corresponding spectra using φ4 and φ6
potentials, and we found shapes of the resulting power spectra similar to the one shown in
Fig. 2 with only small changes in the width of the cutoff region of the order of 10%.
Since the main feature of the spectrum is the cutoff that yields suppression for largest












with α = 3.35 as a useful simplified model.
The spectrum of CMB fluctuations can be computed from the primordial power spec-
trum PΦ(k). A variety of astrophysical processes make this a complicated and highly numer-
ical task which is usually performed with numerical codes [22]. Since the power spectrum in
wavenumber is not modified at large k, the CMB spectrum will be the same as the standard




































where jl are spherical Bessel functions. We will use this to calculate the effect of the cutoff in
the spectrum, compared to a nearly flat Sachs Wolfe spectrum in this region from standard
slow-roll inflation. The resulting Sachs Wolfe CMB spectrum is shown in Fig. 3. One
of the main results is the fact that the features in the primordial spectrum get somewhat
smoothed in the CMB spectrum but the shape is generally not altered significantly. We
see the power suppression at low multipoles due the initial fast-roll stage of the inflaton
field, and at high multipoles the spectrum matches the flat slow-roll spectrum. Other effects
besides the Sachs Wolfe effect (such as the late time integrated Sachs-Wolfe effect, a relevant
but subdominant effect in the low ℓ region, or the acoustic peaks) are certainly present. We
will account for them later on in the paper approximately by considering a suppression
function of our model relative to the standard slow-roll Sachs Wolfe spectrum and multiply
this suppression function by the best fit ΛCDM CMB spectrum that includes acoustic peaks
and all other effects which we have neglected – see Eqs. (36) and (37).
Since the details of inflation and reheating are not pinned down precisely, the expansion
history of the universe is not known exactly and the number of e-folds N during inflation
enters as an adjustable parameter, where a minimum of about 60 is needed to solve the
flatness and horizon problems. Changing N in our case will shift the position of the feature
in the spectrum. For N ≫ 60, the feature is at scales much larger than our present horizon
and the observable CMB spectrum is indistinguishable from a slow-roll spectrum. If two
different parts of the universe underwent different amounts of inflation N after the initial





















Figure 4: Sachs Wolfe CMB spectra for different numbers of e-folds of inflation. The straight line
comes from N ≫ 60 so that the cutoff feature due to an initial fast-roll stage is stretched beyond
our observable universe and thus it corresponds to a pure slow-roll spectrum.
scales or large ℓ as seen in Fig. 4. The power spectrum in the part of the universe that
inflated more e-folds will have the scale associated to the feature in the spectrum stretched
more so that the feature appears at smaller multipoles ℓ. There is in addition a geometric
effect due to a temporary asymmetric expansion, which we explore in the next section. The
CPKL mechanism is reasonably predictive in that there is only one free parameter, the scale
of the feature in the spectrum, which is determined by the number of e-folds N of inflation
and thus by the relative values of the initial conditions for φ and φ˙ – see Fig. 1 and Eq.
(4). Observationally, this is manifest as the value of ℓ below which there is a suppression
in the CMB power spectrum.
4 Phenomenology of the spatial gradient
If there is a spatial gradient in the field φ in the frame where φ˙ is uniform, it implies that
in different parts of the universe the field will begin its slow-roll behavior at different initial
values. This is visible in Fig. 1. The different initial values lead to differences in the
number of e-foldings in the different portions of the universe. However, once all portions of
observable universe are in the slow-roll phase, we can adopt a time slicing such that the field
φ is uniform on constant time surfaces. In this frame, the standard inflationary description
holds, and the CMB fluctuations at these scales and subsequent structure formation will
be spatially uniform. The effect of the initial gradient then only modifies the quantum
fluctuations generated in the transition region between kinetic domination and slow-roll.
The scale where the cutoff of the spectrum is located in k will be stretched by different
8
factors in different parts of the sky and will then correspond to different values of ℓ in the
angular variable.
Let us consider two different parts of the universe with slightly different initial field
values φi,1 and φi,2 = φi,1 + ∆φ. This also gives different amounts of inflation in the two
parts, N1 and N2 = N1 +∆N where the difference in e-folds scales proportionally to ∆φ
∆N ∼ ∆φ. (12)
Normalizing the scale factor at the initial time, a different amount of e-folds of inflation gives
a2/a1 = e
∆N after inflation so that the relationship between coordinates and wavenumbers
in the early universe and physical scales today then depends exponentially on the difference
in e-folds.
Our first task is to understand how a linear gradient in the scalar field translates to
variations in the physical scales on the surface of last scatter. Let the coordinate ζ describe
the direction along which the scalar field has a linear gradient at the start of slow-roll
inflation, i.e.
φi = A+Bζ . (13)
A small patch of the initial volume with thickness dζ will inflate to a patch of the sky
today with a thickness dz in physical coordinates, where z measures distance along the
same direction today. Because different patches will have different amounts of inflation,
with a2/a1 = e
∆N and ∆N ∼ ∆φ, the thicknesses will be related by
dz = ρebζdζ. (14)
Here ρ is the rescaling of coordinates due to expansion that would have happened without
the gradient in the scalar field (with φi = φi(ζ = 0) = A): ρ ∼ a(t0)/a(ti). The parameter
b depends on the magnitude of the gradient ∆φ∆ζ in the inflaton field, with b = 0 if there is
no gradient in the field.













≡ ln[1 + b′z]. (16)
Correspondingly we can relate a feature in the initial wavenumber spectrum, for example
the location of the start of the cutoff in wavenumber, to the physical scales today. A cutoff












It is apparent that due to the geometric effect of different amounts of expansion of different
parts of the universe an initial gradient does not yield a simple gradient today! Finally,
since we are interested in the CMB radiation coming from the surface of last scatter, we
are interested in how this feature varies with direction. If the surface of last scatter is a
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1 + a cos θ
. (19)
The result is that an initial gradient in the scalar field, or equivalently in the start of the
slow-roll phase, leads to the break in the CMB power spectrum occurring at a wavenumber
that depends on the position in the sky by the above relation.
The change in the location of the cutoff will manifest itself in a different suppression
of large scale fluctuations in different portions of the sky. Consider a fluctuation in the
CMB temperature which appears in the sky with an angular scale γ. The presence of an
infrared cutoff in wavenumber k means that small scale fluctuations with the angle less than
some critical angle γ < γ∗ will be unaffected, while large scale fluctuations, γ > γ∗, will
be suppressed. In the presence of a gradient, the value of γ∗ will change as one looks in




∼ γ0(1 + a cos θ). (20)
There is of course an approximation inherent in this relation. As γ gets large the temper-
ature fluctuation covers parts of the sky that correspond to a range of values of θ. We are
here approximating the effect of averaging over several regions by using the central value of
θ.
Let us consider how this variable cutoff will influence the CMB power in the sky. If the







will be isotropic, depending only on
cos γ = nˆ · mˆ. (22)
However, if the spectrum is not isotropic there will be a directionally dependent suppression
factor. We can write this as
Cθ(nˆ, mˆ) = f(θ, γ)C0(nˆ, mˆ). (23)
In this expression, C0(nˆ, mˆ) can be taken as the correlation function that would be obtained
if there were no infrared cutoff. That is, it can be defined as the usual prediction of slow-roll
inflation with the usual parameterization. The suppression factor f(θ, γ) is then defined
relative to this standard prediction. With uniform initial conditions without gradients as in
CPKL, the suppression factor is isotropic and using the exponential cutoff approximation
from Eq. (10) the approximate expression corresponds to







where γ∗ is constant. In the presence of a preferred direction in the sky, let us define aˆ
as the direction along which there is a gradient, and identify the angle θ with the average




aˆ · (nˆ+ mˆ). (25)
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In this case, we would predict that the angular suppression would be approximated by







This encodes the key features of the present problem: Small angular scales are unaffected
and hence isotropic whereas large angular scales are suppressed by the CPKL factor with
a critical angular value depending on the position along the preferred direction in the sky
and scaling exponentially with the number of e-foldings that the patch of the sky has
experienced.
This pattern has not been directly probed by any of the asymmetry analyses thus far.
Several studies have assumed a scale independent dipole modification, with the functional
form
f(θ, γ) = (1 + c aˆ · nˆ)(1 + c aˆ · mˆ). (27)
If implemented fully, i.e. with the full resolution and not for a big pixel size, this would
provide an asymmetry on small angular scales or high ℓ, in addition to large angular scale
asymmetries, and hence would appear inconsistent with the isotropy of the high ℓ data. If
one is dealing with only a limited range in ℓ the two functional forms are similar in the
limit of a small asymmetry. Neglecting second order terms, the pure dipole asymmetry
approximately has the form
f(θ, γ) ≈ 1 + 2c aˆ · (nˆ+ mˆ)/2 = 1 + 2c cos θ. (28)
Likewise if one approximates our expression by evaluating it at an average value of ℓ such
as ℓ¯ = 6 where γ¯ ∼ 180o/ℓ¯ = 30o, and considers a small asymmetry expanding Eq. (26) for


















αa cos θ. (29)
So at small ℓ we can approximately generate a dipole asymmetry. However, our asymmetry
happens only over a small range in ℓ, while the dipole form applies to all values of ℓ.
Finally we note that our proposed modification of the spectrum could possibly be rele-
vant for other models if one generalizes the power α. The basic physics that it is designed
to capture is that there is an infrared cutoff in the spectrum of perturbations and that this
cutoff appears at a position governed by a linear gradient in the number of e-foldings. The
power α governs the steepness of the cutoff, with small values of α corresponding to a slowly
varying cutoff. The CPKL model predicts a relatively sharp cutoff, hence the small range
in ℓ, but other inflationary models can likely be constructed that have a slower cutoff. We
will explore this possibility briefly in the Appendix.
5 Hemisphere analysis
A data analysis that tests an asymmetry of the form we proposed in the previous section
has not been performed yet. However, data does exist in which the CMB power spectrum
is extracted separately from two hemispheres of the sky. In this section we discuss a simple
analysis that attempts to make contact with such data.
Data in hemisphere form has been reported by [5, 11, 12] and we sketch the results
of the analysis of the WMAP 3-year data of [12] in Fig. 5. The two measured CMB

















Figure 5: Sketch of the measured CMB power spectra (mimicking the right panel of Fig. 7 in
Ref. [12]) for the northern hemisphere (connected by dashed lines) and for the southern hemisphere
(connected by solid lines), and the WMAP-3 best fit ΛCDM spectrum C0ℓ (smooth blue curve) [25].
asymmetry axis pointing to the north pole (θ, φ) = (80◦, 57◦) in galactic coordinates, and
the power spectrum for ℓ < 40 obtained from the northern hemisphere exhibits a lack of
power compared to the power spectrum of the southern hemisphere.
In order to perform a first test of our model with an initial fast-roll stage and a spatial
gradient in the initial field value, we approximate our results by performing a hemisphere
averaging of the CMB spectrum and compare our predictions to the measured data in Fig.
5. For that we orient our initial gradient in the direction of the maximum asymmetry axis
observed. Furthermore, we identify the point of the gradient with the lowest field value
(where we expect the least amount of inflation and thus a cutoff feature in the spectrum
present at smaller scales or higher ℓ than the rest of the gradient) as the north pole. That
then has the potential to yield a spectrum close to the observed one with a suppression in
the northern hemisphere.
Due to the fact that parts of the universe with different initial field values undergo
different amounts of inflation, we first have to clarify what initial conditions lead to two
equally sized hemispheres today. We start with the northern hemisphere (N) which contains
the point with the lowest initial field value of the gradient, i.e. the lower part of the gradient,
and choose a certain amount of initial gradient to give the northern hemisphere today. This
setup is sketched in Fig. 6 in the coordinate ζ and in today’s physical coordinate z which
are aligned with the gradient and the maximum asymmetry axis, and we normalize the
coordinates such that the point ζ = 0 becomes z = 0 today. If at ζ = 0 we expect N = N0
e-folds, at the north pole, i.e. the lowest point of the gradient ζ = ζlow, the amount of







Figure 6: The gradient in φi shown in the original coordinates ζ which are transformed into
coordinates z in the present universe in which the surface of last scattering is shown.
field value, the number of e-folds as a function of the spatial coordinate ζ is




Now we are interested in the size of this hemisphere today which follows from integrating







which gives us the radius of the first hemisphere, i.e. the part of the gradient that inflated
the least. As we want to construct two hemispheres of equal size, we require the size of the
southern hemisphere (S) which contains the highest part of the gradient to be equal to the
size of the northern hemisphere,
zhigh = −zlow. (32)





and find the number of e-folds for the point with most inflation from Eq. (30) to be





This result is interesting because it means that no matter how big a gradient there is in the
northern hemisphere, the gradient in the southern hemisphere will at most give a difference
of log 2 ≈ 0.69 e-folds of inflation within the southern hemisphere. This illustrates that
parts of the universe with lower initial field values expand exponentially less than parts
with higher field values so that the parts with highest initial field values dominate the
universe today and parts with lowest initial field values comprise only a tiny fraction of the
universe.
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For a power spectrum with a feature that varies as a function of position ζ or z, we
have to average the power spectrum over the two hemispheres in order to compare with the
measured spectrum sketched in Fig. 5. Our approximation to this averaging is to imagine
to cut each hemisphere into slices of equal thickness ∆z in today’s coordinates, and to
take the average over all slices of the hemisphere where we weight each slice by its number
of measured points on the surface of last scattering. The number of measured points is
assumed to be proportional to the surface area of a slice, and since the surface area of a
spherical segment only depends on its thickness ∆z and the radius of the sphere, each slice
of equal thickness has the same weight in the average over the hemisphere. That yields the



























from which we can calculate the averaged CMB spectra CNℓ and C
S
ℓ . We will calculate
again only the Sachs-Wolfe effect for the Cℓ. In order to compare with the data points from






with D = N,S as the ratio of the Sachs-Wolfe spectra for the two hemispheres and the
featureless Sachs-Wolfe spectrum one obtains for pure slow-roll inflation. As our theoretical
prediction for the CMB spectra of both hemispheres, we use the product of the respective
suppression function and the best fit ΛCDM curve C0ℓ for the WMAP 3-year data (see the






with D = N,S. This then approximately accounts for the other effects besides the Sachs
Wolfe effect which we did not calculate.
In the Appendix we provide an analytic toy model consisting of a step function cutoff
in the fluctuation spectrum. This illustrates many of the features of the full calculation,
including the averaging over hemispheres. Without repeating those procedures, we here
proceed to the hemisphere averaging with the full spectrum of the CPKL model and a
gradient in the initial field value. We choose initial conditions for the gradient of the
northern hemisphere φi(ζ = 0) = 3.69411 and φi(ζ = ζlow) = 3.55769 which gives ∆Nlow ≃
5.65. That also fixes the initial field values in the southern hemisphere where one obtains
∆Nhigh ≃ 0.69. Our total gradient then is of the order of 4% which yields roughly 6 e-folds
of difference throughout the whole sphere.
Since we do not know the analytic form of the CPKL power spectrum shown in Fig. 2,
we have to perform the analysis completely numerically. We approximate our gradient by
a series of equidistant steps and calculate the spectra for each of the steps with a constant
φi, i.e. we use equidistant (in coordinate ζ) slices of the gradient in which we approximate
the initial field as constant. When averaging over hemispheres, we have to average over all
steps, where we replace the integrals in Eq. (35) by discrete sums. The geometric effect of







for each step, where we take the position ζ of the slice as its center











Figure 7: Suppression functions resulting from averaged CPKL spectra for the northern (dashed)
and southern (solid) hemisphere for ∆Nlow = 5.65.
the southern hemisphere we only need three steps due to the smaller amount of gradient
contained in the southern hemisphere.
In Fig. 7 we display the resulting suppression functions FDℓ for both hemispheres. Due
to the large range of e-folds ∆Nlow, the averaged spectrum of the northern hemisphere does
not exhibit any peak because the peaks of the individual spectra of the slices average out.
To test our model we calculate its χ2 where we refer the reader to the Appendix for the
details. When compared to the uniform and isotropic ΛCDM slow-roll CMB spectrum,
we find that χ2 decreases, i.e. improves, by 2.6 for our model with the parameters chosen.
Moreover, the prediction for the quadrupole ℓ = 2 for the full sky sphere is reduced by 51%
in our model compared to the ΛCDM best fit prediction. However, this does not indicate
that a significant preference for our fast-roll with gradient model arises: even though the
decrease of ∆χ2 = −2.6 improves the χ2, the model introduces four new parameters when
compared to the ΛCDM model – two angles for the direction of the gradient, the amount of
gradient used ∆Nlow and a scale k0 at which the cutoff appears in a uniform spectrum of one
of the slices. As discussed in the Appendix in the case of the simplified theta function cutoff
model, a much better χ2 is hard to achieve since a significant suppression only arises for very
low ℓ ∼< 10 and since the errors dominated by cosmic variance are reduced for suppressed
theoretical spectra so that scattered data points can spoil the χ2. In the Appendix we also
present results for a spectrum in which the cutoff is significantly softer than in the CKLP
model.
Overall, the data remains suggestive enough that a more direct comparison between
the suggested form of the asymmetry and the WMAP data is called for. Note that a
spatial gradient has the potential to resolve other anomalies. For example, an overall linear
gradient is equivalent to a shift in the multipole expansion by ∆ℓ = ±1,∆m = 0. This has
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the potential to shift the directionality of one multipole in the neighboring one, perhaps
providing a rational for the alignment of neighboring multipoles.
6 Conclusions
The data appears to suggest a spatial modulation in the CMB power spectrum. However,
the asymmetry is unusual in that it is only at low values of ℓ and not at higher values. If
inflation lasts only about 60 e-folds, this can occur if at the earliest stages of inflation there
is an asymmetry which however disappears at later times of inflation. If the later stages of
inflation are governed by a single slowly rolling field, the power spectrum at high ℓ and the
universe today will be isotropic. However the quantum fluctuations at the earliest times,
and hence the power spectrum at low multipoles, will show evidence of the initial lack of
isotropy. We have provided a testable model of how this situation could have developed
within the framework of single field inflation.
To analyze the large angle asymmetry of the power spectrum, the WMAP team has
hypothesized that the underlying isotropic and Gaussian temperature field has been mod-
ulated on large scale by a dipolar function,
T˜ (nˆ) = T0(nˆ)(1 + g(nˆ)) (38)
where g(nˆ) is a dipole function. But the data suggest that the situation is not an overall
dipole modulation, but only a modifications of the power on the largest angular scales. In
our current setting a dipolar modulation is not appropriate because it would also modify the
power spectrum at high values of ℓ. We have provided an alternate modulation function,
Eq. (26), which displays the desired property of leaving the small angle features unmod-
ulated while describing a asymmetry in the large scale, low ℓ, power. It has the physical
interpretation of a suppression of large scale fluctuations in an angular dependent fashion.
It is also possible to generate spatial asymmetries in the power spectrum through the use
of two or more fields. In this case, it is possible to assume that one field has a spatial gradient
in the frame in which the other field is uniform. Here there is a lot more freedom. With
two fields, each field has its own potential with the possibility of a cross coupling between
the fields. These possibilities enable one to modify the shape of the inflaton potential
in different ways either enhancing or suppressing the rolling of the inflaton field and also
modifying the amount of quantum fluctuations. The resulting possibilities for generating
asymmetries deserve further study. Such models are more flexible, but are inherently less
predictive than the single field model studied in this paper. However, at least some of these
theories could have a similar phenomenology. By providing an initial faster evolution, one
can suppress the curvature fluctuations providing a cutoff in the fluctuation spectrum, and
a gradient in this initial condition would survive for only a few e-foldings. This possibility
could also be analyzed by the modulation function of Eq. (26), but with a more general
form of f(θ, γ), such as allowing different values of the power α. In the Appendix we briefly
studied this situation.
We note also that our model, and possible generalizations, has the potential to impact
the analyses of other anomalies. For example, the cold spot uncovered in [8] occurs along
the same axis as the power spectrum modulation. In our model the primary effect is the lack
of power in some direction. Our hemisphere fit suggested that one hemisphere is close to
the pure slow-roll while the other hemisphere shows the suppression. This could be similar
in effect to the existence of a cold spot. Likewise, it is possible that this mechanism can
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modify the analysis of the unusual quadrupole-octopole alignments. When attempting a
partial wave decomposition, an overall dipole shifts the underlying power from one multipole
to neighboring ones with ∆ℓ = ±1. Our modulation in the spectrum is not exactly a dipole,
but could nevertheless shift the apparent power from one multipole to nearby ones.
The single field model with kinetic domination at the beginning of the onset of minimum
number of required e-folds has a distinctive pattern for the generation of spatial asymme-
tries. It suppresses the CMB power at large angular scales only. A gradient in the initial
conditions is manifest as differing numbers of e-foldings of slow-roll behavior on different
sides of the universe. This amounts to shifts in the ℓ values at which the suppression occurs.
We have provided a template that allows a parameterization of this effect. It will be inter-
esting to see if the addition of this form of spatial gradient to the studies that fit the CMB
spectrum can provide any understanding of the proposed anomalies that are discussed in
the literature. If the mechanism is successful it would add to our understanding of inflation
and would increase the confidence in the inflationary paradigm.
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Appendix
In this Appendix, we present hemisphere analyses for two toy models – one with a theta
function cutoff spectrum and one with a slow exponential cutoff spectrum.
We illustrate the procedure for averaging over hemispheres by presenting an analytic
model which clearly demonstrates the main ingredients. This simplified analysis keeps the
aspects of the gradient fast-roll model in that the scale of the cutoff in the spectrum varies
spatially according to Eq. (17), but we will approximate the spectrum of the uniform
fast-roll model of Fig. 2 by a simple theta function cutoff spectrum PΦ(k) = Θ(k − kc).
For simplicity, we do not include a spectral index and we compare the to a scale invariant
Harrison-Zel’dovich spectrum. The theta function spectrum is a particularly nice example
since we can obtain analytic expressions for the averaged spectra for the two hemispheres.
As seen in Eq. (17) today’s physical scale of the cutoff in the spectrum varies exponentially
such that the spectrum becomes
PΦ(k, ζ) = Θ
[







where the position of the cutoff in the northern hemisphere varies from k0 to klow = k0e
∆Nlow




Θ(k − k0)Θ(klow − k) + Θ(k − klow) (40)
for the northern hemisphere which vanishes for k < k0 and equals unity for k > klow.
In Fig. 8 we display the averaged spectrum of the northern hemisphere for different
amounts of gradient, i.e. for different ∆Nlow, where the limit ∆Nlow = 0 corresponds to no














Figure 8: Averaged theta function spectra for the northern hemisphere for differing amounts of
gradients such that ∆Nlow = 0, 1, 2, 3, 4,∞.
corresponds an infinite amount of gradient within the hemisphere. As one would expect,
the average spectrum of the hemisphere is dominated by the part of the gradient with
most e-folds of inflation which will dominate and make the average power spectrum rather
steep around k0. At k/k0 = 10 the spectrum already reaches 0.9 in the limit of an infinite
gradient, and since ℓ ∼ k in the CMB spectrum, we expect that the cutoff in the resulting
averaged Cℓ spectrum is also rather steep with a range of significant suppression up to
roughly ℓ ∼ 10.
The averaged spectrum for the southern hemisphere can be calculated analogously, and
for ∆Nlow = 4, we show both averaged spectra in Fig. 9. The averaged spectrum of the
southern hemisphere is much steeper than the spectrum of the northern hemisphere since
it contains a much smaller piece of the initial gradient with a difference of only about 0.69
e-folds inside the southern hemisphere as compared to ∆Nlow = 4 e-folds of difference in
the northern hemisphere.
As the next step we numerically calculate the Sachs-Wolfe spectra for the northern and
the southern hemispheres and divide them by the Sachs-Wolfe spectrum of a scale invariant
Harrison Zel’dovich spectrum to find the suppression functions FNℓ and F
S
ℓ for both hemi-
spheres. For that we have to specify the scale k0. We choose k0 = a0H0 such that the CMB
spectrum of the northern hemisphere (z = 0 . . . zlow) will exhibit a suppression of power at
largest scales, whereas the CMB spectrum of the southern hemisphere z = zhigh . . . 0 will
exhibit (almost) no large scale suppression. The resulting suppression functions FNℓ and
FSℓ are shown in Fig. 10, and as one would expect, their shapes do not differ much from
the primordial averaged power spectra in Fig. 9. At small scales or high ℓ, both spectra
match onto the CMB spectrum from a scale invariant primordial spectrum, and for observ-














Figure 9: Averaged theta function spectra for the northern (dashed) and southern (solid) hemi-
sphere for ∆Nlow = 4.
spectrum. The spectrum of the northern hemisphere however is significantly suppressed at
low ℓ, but as expected, for ℓ ∼> 12 the suppression becomes smaller than 10%.
We can test our theta function cutoff toy model by calculating the χ2 of the measured
CMB data points in Fig. 5 with respect to the averaged spectra of the two hemispheres












where the variance is taken as the cosmic variance of the theoretical spectrum σℓ =√
2/(2ℓ+ 1)CTheoryℓ of the hemisphere. The theoretical spectra for the two hemispheres
of our model are approximated by Eq. (37) where C0ℓ is the uniform and isotropic best fit
ΛCDM curve (the smooth curve in Fig. 5). In Fig. 11 we plot the theoretical averaged
spectra CTheory,Dℓ in the theta function cutoff model for both hemispheres and show the
measured data points for both hemispheres. The resulting χ2 for the northern hemisphere
decreases by 2.6 in comparison to the isotropic ΛCDM model whereas χ2 doesn’t change
significantly for the southern hemisphere.
From this toy model with a theta function cutoff spectrum, we have learned that it
appears quite difficult to improve χ2 significantly with a steep cutoff function since its
effect in an averaged spectrum really only kicks in at very low ℓ ∼< 10 in the northern
hemisphere. The data however exhibits a suppression of the CMB power spectrum of the
northern hemisphere up to ℓ ∼ 40 of the order of 20% relative to the southern hemisphere
data. Moreover, a suppressed theoretical prediction also results in a lower cosmic variance











Figure 10: Suppression functions resulting from an averaged theta function spectra for the northern
















Figure 11: Theoretical predictions CTheory,Dℓ for the northern (dashed) and southern (solid) hemi-
sphere of the theta function model (∆Nlow = 4) as well as the experimental data for northern
(dashed) and southern (solid) hemisphere.
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At the other extreme from a step function cutoff is one for which the cutoff can be made
gradually. This can be modeled by use of the exponential cutoff spectrum introduced in
Eq. (10) where we allow for the exponent α to take on different values. The parameter α
governs the steepness of the cutoff in the spectrum. For low values of α we obtain spectra
which exhibit a slowly varying cutoff rather than the steep cutoff for α = 3.35. This latter
value mimics the the CPKL fast-roll spectrum, and larger values than this would approach
the step function. Here we explore the softer cutoff provided by small values of α. As we
did for the theta function model, we keep the aspect of a gradient in the number of e-folds of
inflation. The resulting scenario may be relevant for other models, with the basic features
of an IR cutoff of the perturbation spectrum with the scale of the cutoff varying spatially
as dictated by a gradient in the number of e-folds of inflation.
As we did in the case of the theta function spectrum analysis, we do not include a
spectral index so that Eq. (10) simplifies to






We find that when one numerically calculates the Sachs-Wolfe spectrum of such an expo-
nential cutoff spectrum via Eq. (11), the resulting Sachs-Wolfe spectrum is approximated
extremely well by an exponential cutoff spectrum for ℓ(ℓ+ 1)Cℓ (where the exponential α¯
for the Sachs-Wolfe spectrum is a bit smaller than α in PΦ(k)). Therefore we can use






where now the position of the cutoff in ℓ space varies spatially as





























To find the averaged spectra for the two hemisphere, we integrate over the position depen-





















For the parameters α¯ = 0.5, ℓ0 = 2 and ∆Nlow = 2, the suppression functions F
D
ℓ for
D = N,S are displayed in Fig. 12. From this we see that it is possible to have a suppression
factor that extends out to larger values of ℓ, and which creates an asymmetry on the sky.
Treated simply as a suppression of the standard WMAP spectrum, this modification will
not lead to an improved fit because the suppression of the power spectrum occurs in both
hemispheres. It is possible that a better fit could be obtained if one adjusts the magnitude of
the power spectrum, but this would involve adjustments of all the astrophysical parameters











Figure 12: Suppression functions resulting from averaged exponential spectra for the northern
(dashed) and southern (solid) hemisphere for α¯ = 0.5, ℓ0 = 2 and ∆Nlow = 2.
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